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FATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

ADVANCE CONFIDENTTAL REPORT

A METHOD FOR THE RAPID ESTIHATION OF
TURBULENT BOUNDARY-LAYER THICEKNESSES
FOR CALCULATING PROFILE DRAG

By Neal Tetervin
SUMMARY

An analysls 1s developed that makes it possible to
Integrate von Kermen's bounqary-laye" momentum equation
directly. For this purpose the skin-frictlon coeffil-
cilent is expressed as a function of the Reynolds number
based on the boundary-layer momentum thickness and the
boundary-~layer shape ls assumed to be constant. The
integreted equation permits the beundary-layer mcmentum
thicimess at the alrfoil traliling edge to be rapldly
deterrined for the estimation of alrfoil profile-drag
coefficients.

INTRODUCTION

Recent increases in slze and speed of modern alr-
craft have emphasized the need for ua method of eatl-
mating ranldly the proflle drag of wings. One of the
most time-consumling operatlions in a nroflle-drag estimate
has been the calculation of the thlclmess of the turbu-
lent boundary layer. Squire and Young (reference 1)
calculate the thilckness cf the turbulent boundary layer
by a step-by-step integration of von Karmén's boundary-
layer momentum equation (reference 2). A logarithmic
skin-friction formula designed to flt Schllichting's ap-
proximate formule for the skin friction (reference 3) 1s
used in the integration. Reference l. gives a method for
the determination of the turbulent boundary-layer thick-
ness which eliminates the step-by-step computations of
reference 1 but requires that sultable approximations to
the airfoll prsessure dlstributlion be made. The method of
reference 5 eliminates heth .the skep-by-step computations
of reference 1 and the necessity for meking approximations

to the alrfoll pressure distribution required in reference L

.
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however, reference 5 1s restricted to a particular
boundary-layer shape and does not explicltly indicate
how to use an arbiltrary skin-friction law with the
integrated von Kermsn equation.

In the proesent paper the step-by-step computation of
reference 1 1s eliminated along with the necessity for
makins approximations to the alrfoll pressure dilstribu-
tlons, which were reguired in referance h. A more general
specification of the boundary-layer shape than that given
in reference 5 1s used and a method for use of any skin-
friction law with the integrated von Kérmdn equation is
presented., The integreted form of the von Kdrmen momentum
equation appears applicable elther to the laminsr or the
turbulent boundary laver provided that the approprlate and
constant shepe of the bocundary layer 1ls assumed and the
appropriate formula for the skin friction 1s used. For
the turbulent boundary layer, a skin-friction formula
based directly on the data obtained from experiments in
pipss (reference 2) 1s preosented Ir a form readlly usable
Tor boundary-layer calculatlons.

The present work provlides a method for the calcula-
tlon of the thlckness of the turbulent boundary layer
whicnh 1s more rapld than that of reference 1, more flexlible
than that of reference l;, and more general than that of
reference 5. The flexibillity of the method arises from
the fact that the effacts on the calculated turbulent
boundary-layer thickness of local changes in the airfoil
pressure dilstributlion, changeces in the boundary-layer shape,
and changes in the skin-friction Tormulas can all be
easlly evalueted. The method, however, llke those of
references 1, lj, and 5 cannot predict the onset of turbu-
lent separation and, if the danger of turbulent separatlon
is thought to exist, the method of reference 6 may be used
to check for such a condition, Although the present method
may be used in such cases to obtaln momentum thlckness up
to the point of separation, it should not be used in the
determination of the drag coefficlients. The present method
can be used to calculate momentum thlicknesses for flow
over rough as well as smooth surfeces, 1f a curve of skin-
friction coefficient for the rough surface 1s avallable.

The skin-friction equations presented should provide
a good estimate of the turbulent boundary-layer thlckness
for use in profile-drag estimates when the airfoll is
smooth and there ls no danger of turbulent separation.
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saction profile-drag coefficlent

sre given in reference 6 %F

constant in equation for skin-friction coefflcient

boundary-layer shape parameter fjr which values

constant in eguation for skin-friction coefficlent

dynamic pressure, peunds per sgquares foot (%Uz)

wing Reynolds number based on chord and free-
stream veloclty

boundary-iayer Reynolds number (%?)

distance along alrfoll surface; usually taken
equal to %

posltion on surface at start of integration
local veloecity inside bhoundary layer

local veloclty outside boundary layer
free-stream veloclty

velocity at sg/c

distance along airfoll chord

perpendicular distanc: from wing surface
full boundary-layer thiéknegs

displacement thickness f (1-%)dy]

density ~9

6
momentum thickness [ f %(1-%)d7.l
- o -
momentum thiclkmess at sgo/c
skzin friction per unit aresa, pounds per square foot

kinematic viscoslty

The subscript t 1s used to indicate the condition at the
trailing eodge.
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ANALYSIS

The von Karman boundary-layer momentum equation,
which is used to calculate the momentum thickness of the
boundary layer, 1s given 1n refsrence 2 and may be writ-
ten as

The monentum equatlon 18 a differential -equation that
can be Integrated 1f the boundary-layer shape, and there-
fore ¥, 1s assumed toTbe constant and 1f the local skln-

friction coefficient -2 1s expressible as a power

2
functlon of Rg. 4

) In order to integrate the eyuation the skin-friction
coefficient is written as

-k _ kyR

n nm
Ry 8T

Slo

where k and n 'are constants that are to be determlned.
The monentum equation 1s written as

n
48 ,H+24dU0g - kv” g-n
ds U ds yn

which 1s a differential equation of the Bernoulli type.
After the equation 1s integrated and the arbitrary con-
stant arising from the Integration is evaluated, the

result is
1 (1+n)k (H+1 )(n+1)+l 8
H+2 Ub E

9 -
( s/c
&),

n+1 (5+2) (n+1)
MONE ) @




NACA ACR Wo. TGl D 5

The definite integral occurring in equation (1) may be
evaluated by elther an analytical or a graphlcal method,
..whilchever is more convgn;eny{

PR
- .

DISCUSSION

When the momentum equation was 1ntegrated, the
assumption was made that the shape of the boundary layer,
and therefore H, was constant over the chord. Al-
though the assumption 1s not true 1n general, the error
In 8 wlll usually be small because of the manner in
which K appears in the momentum ejuatlon.

Bxperlence has indlcated that, for the calculation
of the thickness of the turbulent boundary layer, the
value of I may he chosen close to l.4 for airfolls
that have small pressure recoveries but, for alrfolls
that heve high pressure recoverics, which are thick or
operating at high 1ift coefficlsnts, H should be chosen
closer to 1.6. 1In references 1,l, and5, H was chosen
as constant and equal to l.4. The thickness of the
laminar boundary layer can usually be obtained with suf-
ficlent accuracy for nroflle-drag calculatlons if the
integrated momentum equation 1s used, togsther wlth a
value of H of 2.592, which 1s the value for the Blaslus
flat-nlate profille (reference 2},

In order to use the present feoerm of tiae integrated
momentum ejuation, 1t 1s necessary that the skin-friction
coefficlent be written es

=

0 k

For the laminar boundary layer having the Blaslus shape,
n=1 and Xk = 0.,2205.

A skin-friction formula for the turdulent boundary
layer which has the required form is that of Falkner

(reference T) who, after analyzing various data obtalned
from flat plates, suggested the relation

To _ 0.006
- “‘7221

ST
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A skin-frictlon forrula based directly on plpe exneri-
ments cen be derived by use of equations (22.21),
(22.13), and (22.17) of reference 2, pages 12 and 143.
This formula

To 1

5q - Fo > (2)
2.5 log + 5.5
°2.5(1 - 5¥Eo/2q)

1s plotted in figure 1. The curve of eyuation (2) and
the relation suggested by Falkner (reference 7) are
plotted in figure 2. At values of Ry above about 2000,
the curves are found to be 1n good &agreement but at

values below 2000 diverge considerably.

mhe skin-friction formulae derived in reference 3
Indicates skin-friction ccefficivnts at small values of
Rg that are in good agreement witi equation (2). The
skin-friction coefficlents given by Fallmer's equation
ere thsrefores probably too small at small values of Ry.

Equction (2) is based dlrectly on tihe pipe experi-
ments to which the formula of Squire and Young (refer-
ence:.1l), although not derived in a direct manner, also
owos ita crigin. This equation and a convenient plot
of the eguationare given in reference 6. Consideration
of flat-plate skin-friction duta und approrinaations,
which were made in the lnterest of simpliclty of expres-
alon, account for the dlfference between the Squire &nd
Young formula and equation (2). The skin-friction coef-
ficlents indicated LDy use of the Squire and Young formula
are slightly lower than those ovbtalned by use of equa-
tion (2) at large values of Rg but are about the same
as those obtained by equation (2) at small values of Rg.
The introduction of equation (2) also serves to 1lndicate
how an erbltrary skin-frictlon formulae may be used with
equation (1).

In order to permlt the Integration of the momentum
equation, the skin-friction relation chosen for use
1s approximated by a simple power function of Ryp. This
approxlmation 1s made by using two values of Rg and the
skin-friction coefflclents assoclated with the two Ry
values to evaluate the two constants, n &end k, in the
squation
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The formulas to be used are

Gt
- °g°(TOJEQ)2

n =

where the subscript 1 1dentifles the skin-frictlion
coefficlent occurring at Rg,, the smaller value of Rg,

and the subscript 2 denotes the skin-friction coeffliclent
occurring at R92’ the larger value of Rg. Experlsnce

has indlcated that, 1f R92 i1s chosen about ten times as
large as Rel, the approximation to ocquation (2) will be

good over the entlre range of Rg values of the turbu-

lent boundary layer llkely to be encouantered in & spe-
cific case. The beginning of the turbulent boundary
layer has been found to be the region in which 1t 1s most
important to have a good approximation of the skin-
friction curve. Because of this fact, Rel should be

chosen close to the initial value of Rg of the turbu-

lent boundary layer, which 1s assumed equal to the flnal
value of Rg 1n the laminar boundary layer.

After the momentum thickness of thse boundary layer

at the tralling edge has been obtained, the profile-drag
coefflclent is calculated by tho relation developed by

Squire and Young in referencs 1

o =2OJE)"

The subscript t 1s used to identify the condition at
the tralling edgs.

‘I!!!!ll!llﬂ.
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COMPARISON WITH EXPERIMENT

Calculations of proflle-drag coefflcients have been
mede by the method describod herein and the results have
been compared with those obtalnad by other investlgators.
The proflile-drag coefficlent of the 25-percent-thick
airfoll at a 1ift %?efficient of 0.25 and a Reynolds
number of £.2 x 100, for which data are given in refer-
ence 1, was calculated and compared with the experimental
value of 0,0080 given in reference 1. When the equation

To _ 0.006
2q 36172

was used, the calculated profile-drar coeffilcient

was 0.0076. “hen the equation
To _ 0.00905

2q  Rg0.2028

was used to fit equation (2) for values of Rg between
1,100 and 11,000, the calculated drag coefficient

was 0,0077. Squlre and Young in reference 1 obtained

a calculated valus of 0.0079. In all three cases the

value of H was taken eyual to 1.l.

Calculatlons of the boundary-layer momentum thick-
nesses. along the chord and the proflle-drag coefflclents
of the NACA 0012 airfoil at zero angle of attack for
four Reynolds numbers have been made and compared wilth
the experimental results obtained from reference 8.

The comparison 1s shown 1n the followling table:

cdo
R, Experil- !Calculated, Calculated, {Calculated,
mental 1Squire and Falkner's equatlon
(ref- !Ybung (ref-| equation (2)
erence §) :ference 8) | < __ |
2,675 x 10°| 0.0071 ' 0.007L4 0.0067 0.0069
3.780 .oozo i . 0072 . 0069 .0070
5.350 | 0068 ! .0071 . 0069 .oozo
7.560 . .0067 ' .0071 . 0069 0069




e

m.,—- , oy
NACA ACR No. Iicli SRS 9

The proflle-drag coefficients that were calculated by
using Falkner's formula in one calculation and the

relation - . o - — .
To _ o.oogi%
2q ~ p,0.20

as an approximation to equation (2) between Ry values
of 900 and 9000 in the second calculation are given in
this table, together with the experimental values from
reference 8 and profile-drag coefficients calculated by
the Squire and Young method in reference 8. The
boundary-layer momentum tihicknesses over the surface of
the NACA 0012 airfoll, which were calculated by using
the approximation to equatlon (2) and the formula sug-
gested Ly Falkner, are given in filgure 3 together with
the ocxperimental values of monentumn thickness obtained
from reference B. The differsesnces betwsen the two cal-
culated mouentum thicknesses are caused by the use of
the two dilfferent skin-friction for.mulas, the value of
H beinrgz taken as 1.5 for both calculations.

Tn order to 1Indicate the effect of the choice of H
for the turbulent boundary layer on the calculated
profile-drag coefficient of a thin alrfoll at a small
11ft coefficlant, the profile-drag coefficlent of the
NASA 0012 airfoil at gzero angle of attack and a Reynolds

numher of T7.560 x 10° wns also calculated for values
of H of 1. and 1.6. The profile-drag coefficlents
were 0,0068 for a value of E of 1.4 and 0.0070 for a
value of H of 1.6. The change in H caused a rela-
tively small change in the profile-drag coefficlent of
the NALCA 0012 alrfoll at zero angle of attack because
for this alrfoll at zero angle of attack the change 1n -
velocity over the alrfoll surface is small. L8 can be
seen from equation (1), a change in the value of H

will have greater effect on the calculated profile-drag
coefficient for cases 1n whicn large changes 1in veloeity
occur (for example, on thick airfoils or on airfoils at
large 1l1ft coefficients) than for cases 1n which the
change in veloclty is small.
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SAMPLE CALCULATION

A calculation is glven for the proflle-drag coef-
ficlent of the NACA 0012 ailrfoll at & Reynolds number
of 2.675 x 106 and zero angle of attack. The velocity
distribution, which was obtained from reference B, is
given in figure L and 1s the experimental velocity dis-
tribution, uncorrected for tunnel-wall effects. At the

Reynolds number of 2.675 X 10% the transition point
was at % = 0.48.

The equation that was used for the calculation of
the momentum thickness of the lamirar boundary layer 1s

obtained from equation (1) by placing 95/c =0, n =1,
k = 00,2205, and H = 2.592. The resulting equatlon 1s
1

8/c o :5
O il 6
_Ub s/c

or, for the particular case, l
) _ 0.66l, [ fo 18 1y )8 18k o
“fBo008 (1. 11592 \B675 x 106 675 x 108

0.48 ,-;\8.18
The value of f h (—‘J—) h 5 48 equal to 1.760.

Then

(2) = 0.0002901
==0.,;8

The Tinal value of Rg 1in the laminar boundary, which
is assumed to be the initial value of Rg of the
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turbulent boundary layer, is then calculated:

"Ry = Rc(% é% _ ..
2=0.4,8
= 2.675 x 106 x 0.0002901 x 1.1l
= 888

A value of 900 was chosen for R and 9000 for R
61 82

for the approximation of eyuation (2) by a powsr function
of Rg. The computatlons for n and k sare as fol-
lows: From figure (1) )

Rg, = 900

To 228

Rg, = 9000
o _ 0.001421
2q '
0.002289
o= 1085 00121 _ 0.1,76
log 10 2.%02
= 0,2068
k = 0.002289(900)0+2008
= 0.0053L
Then,
To _ 0.0093L

2q Re0.2068
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The formula for the turbulent portion of the
boundary layer then bscoues, for H = 1.5,

(g) _ 1 0.01126 ( )h 017, 8
/25 (o.95)3+3|(2.675 x 106)° 2068“’ 48\Uo

1/1.207

+ (0.0002901)1-207(1_1hu)u.222

1 0l
The valuc of Jf ( )h 7 d= 1s equal to 0.676
0.L8\U

c

In figure 5 are shown curves of and

P4

1L>8-18h

(U 0Lt apply to the laminar and turbulent
portiones of the boundary layer, respectively. Then
(%)s = 0.002005 for one surface and
C
cay = L x 0,002005 x 0.9543-25 = 0.0069

CONCITISTIONS

l. If the skin-frictlon coefficlent 1s expressed as
a nower functlon of the Reynolds number based on the
boundary-layer momenturn thickness and the boundary-layer
shape 1s assumed to be conscant, it 1s poseslible to inte-
grate von Karmdn's boundary- layer nonentum eguatlon
directly.

2. The I1ntegrated boundary-layer momentum equation
permits the houndary-layer momentixn thickness et the
airfoll trailing edge to be ranidly determined for estl-
mation of alrfoll proflle-drag cocfficients.

Langley iemorial Aeronautlcal Labhoratory
Naticnal Advisory Committee for Aeronautics
Langley Fleld, Va.
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Plot of Falkner's equation and equation (2) against Rg.

Filgure 2
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